We present a unified treatment for Zitterbewegung phenomenon for a wide class of systems including spintronic, graphene and superconducting systems. In this general approach, we derive the time-dependence of the position operator of the quasiparticles which can be decomposed into the mean part and the oscillatory terms. The latter one corresponds to the Zitterbewegung.
PACS numbers: 71.70. Ej, 73.63.Hs, 81.05.Uw, 73.43.Cd The Zitterbewegung first has been regarded as a relativistic effect resulted from the Dirac equation and it is related to a 'trembling' or oscillatory motion of the center of a free wave packet [1, 2] . The Zitterbewegung is caused by interference between the positive and negative energy state in the wave packet and the characteristic frequency of this motion is determined by the gap between the two states. It was shown that observation of the effect is impossible experimentally since one would confine the electron on a scale of the Compton wavelength /m 0 c, where m 0 is the bare mass of the electron [2] .
Most recently, Schliemann et al. [3, 4] have predicted the Zitterbewegung in spintronic systems where the experimental observation of the effect is more realistic due to the much smaller frequency of the oscillatory motion. In these semiconductor nanostructures [5] the spinorbit coupling generates an oscillatory motion of the wave packet. Similarly, Zawadzki has studied narrow gap semiconductors and found an oscillatory motion along the group velocity of the wave packet [6] . After the works of Schliemann et al. and Zawadzki a gradually growing interest in the phenomena can be observed in the literature. For example, the semi-classical time evolution of holes has been investigated numerically for Luttinger Hamiltonian by Jiang et al. [7] . The relation between the Zitterbewegung and the spin transverse force has been studied by Shen [8] . In a numerical work Lee and Bruder have observed an oscillatory behavior in the charge and spin densities of quantum wires with Rashba and Dresselhaus types of spin-orbit coupling [9] . When a spin-polarized electron is injected into a waveguide a Zitterbewegung pattern has also been numerically predicted by Brusheim and Xu [10] .
The other systems that become at the focus of interest in connection with the effect of Zitterbewegung are the single-layer and bilayer graphene [11] . These systems show many similarity to the gap-less Dirac-like spectrum of the charge carriers [12, 13, 14, 15] . Zawadzki has recently shown that in single-wall semiconducting carbon nanotubes the oscillatory motion of electrons should be more feasible experimentally than for relativistic free electron in vacuum [16] . Most recently, Tworzyd lo et al. have associated the shot noise with the interference of the electron-hole pairs at the Dirac point in graphene [17] .
The Zitterbewegung of quasiparticles governed by the Bogoliubov-de Gennes equations [18] in superconductors has also been predicted by Lurié and Cremer [19] .
In this work, we present a unified description for the Zitterbewegung in the systems mentioned above. Our approach makes it possible to calculate with a simple algebra the time evolution of the center of a wave packet for a wide class of systems. We also easily verify the results first obtained by Schliemann et al. [3, 4] for spintronic systems. Our result shows that the Zitterbewegung is not necessarily a relativistic effect but it is related to the more than one component nature of the eigenstates of the systems.
The time-dependence of the position operator in Heisenberg picture is given by r(t) = e iHt/ r(0) e −iHt/ , where H is the Hamiltonian of the system. To calculate the operator r(t) one can work with eigenstates of H. However, a further insight into the nature of the Zitterbewegung can be gained using the equations of motion. We start with a quite general form of the Hamiltonian that is suitable to describe those systems mentioned in the introduction:
where p and S are the momentum and the spin operator. The parameter γ and the vector Ω(p) which is a two component vector depending on the momentum p as a differentiable function of p = (p x , p y , p z ), are characterized by the given system. Here T stands for the transpose of a vector. Since the Hamiltonian is Hermitian, the components of Ω are real functions of p. In this Hamiltonian Ω(p) can be regarded as an effective magnetic field coupled to the spin. It is obvious that in the absence of electrostatic potential V (r) the momentum p, and consequently, Ω(p) are constants of motion. For convenience, in Table I we listed a few system, together 3, 4, 5, 23] Heavy-holes in quantum well 2 4, 22, 23] Bulk Dresselhaus 3 11, 12, 13, 14, 15] Bilayer graphene 2 1 2m 11, 12, 13, 14, 15] Cooper pairs 3 18, 19] (1). Here p± = px ± ipy, σ± = σx ± iσy, and the spin operator is S = 2 σ, where σ = (σx, σy, σz) are the Pauli matrices. For Cooper pairs we assume (for simplicity) that the pair potential ∆ is real and independent of r, and the energy is measured with respect to the Fermi energy EF . In the last column we give some relevant references for the given system.
with the effective magnetic field Ω(p), that are currently intensively studied in spintronics, and in the research of graphene and superconductors. Note that a similar form of the Hamiltonian for spintronic systems was used in Refs. [20] . Moreover, the Hamiltonian of Dirac fermions in two dimensions [21] can be cast in the same form as in Eq.
(1). We should emphasize that although in Table I the Hamiltonian for all systems is given in terms of the Pauli matrices corresponding to a spin S = To proceed further, we now calculate the equations of motion of the position operator r(t) and spin operator S(t) in Heisenberg picture for the Hamiltonian (1)
where
is a matrix analogous to the Kronecker delta which appears in the commutation relations of the coordinate and the momentum operators. Note that Eqs. (2) are coupled equations of all the three components of S(t) and r(t). However, in the case of two dimensional systems only the x and y components of r(t) are involved in Eq. (2a).
It is clear from Eq. (2b) that the spin vector S(t) precesses around the vector Ω. The solution of Eq. (2b) with the initial condition S(0) = S 0 can be written as
where Ω = Ω n with a unit vector n, and Ω 2 = Ω T Ω and n • n denotes the outer or direct product, ie (n • n) ik = n i n k . Here the operator Ω and S 0 on the right-hand sides are in the Schrödinger picture, ie time independent. One can show that the usual commutation relations still hold
Inserting Eqs. (3) into Eq. (2a) and solving the differ-ential equation we find
with the initial condition r(0) = r 0 . This is our central result. The non-oscillatory terms in (4a) correspond to the mean position part and the Zitterbewegung stems from the oscillatory terms (cosine and sine terms).
To evaluate the time-dependent position operator r(t) within Gaussian wave packet one can follow, e.g., the calculation presented in Refs. [3, 4] .
We now in a position to apply our result to the systems listed in Table I . Using Eqs. (2c) and (4) a simple algebra yields the same results given by Eqs. (7) and (8) of Ref. [4] for Rashba-Dresselhaus system. Similarly, it is easy to verify the results Eqs. (41) and (42) of Ref. [4] for systems of heavy-holes in quantum well [24] .
The current operator in graphene systems derived by Katsnelson [11] splits into three terms in which the last one can be associated to the Zitterbewegung phenomenon. Our general approach can also be applied to graphene layers to find the time evolution of the position operator r(t). We now present results for the position operator r(t) from which the trembling (oscillatory) motion of the electron in graphene systems is clearly manifested. For single-layer and bilayer graphene, again the explicit formulas for x(t) and y(t) can easily be obtained using Table I and Eqs. (2c) and (4). We have the following results for single-layer graphene
and for bilayer graphene
Here σ i are the Pauli matrices and p 2 = p 2 x + p 2 y . Similarly, using the Hamiltonian for Cooper pairs given in Table I we obtain the following results:
Here
One can show that these results agree with that presented in Ref. [19] .
For bulk Dresselhaus systems (3rd row in Table I ) the calculation is still straightforward but the results are rather cumbersome and not presented here.
As mentioned above, the position operator r(t) in (4) is decomposed into the mean and the oscillatory terms. If one derive the position operator r(t) directly from r(t) = e iHt/ r(0) e −iHt/ then such a decomposition can only be obtained using the Foldy-Wouthuysen transformation [19, 25] . In this transformation the operator r(t) is calculated in the basis of the eigenstates of Hamiltonian (1) . It can be shown that for S = 1 2 (with Pauli matrices) the eigenenergies E ± (k) and the eigenstates ψ ± (r) = |χ ± e ikr are given by
where Θ and Φ are the spherical polar angles of the vector Ω( k) in the k space, and |a| denotes the magnitude of vector a. However, for S > 1 2 the Foldy-Wouthuysen transformation is more complicated. The advantage of our approach is that it leads directly to the desired decomposition of the position operator r(t).
For pure Rashba coupling, and for single-layer graphene the Zitterbewegung can be interpreted as a consequence of the total angular momentum J z = L z + S z , where L = r × p is the orbital angular momentum (see Ref. [4] ). However, in general, J z is not a constant of motion, ie., [H, J] = Ω × S − p × KS = 0. As it can easily be seen, this is the case, for example, for RashbaDresselhaus systems in case of α = 0, β = 0, or for heavyholes in quantum well. The Zitterbewegung is a direct consequence of the spin degree of freedom.
Finally, we mention that the Zitterbewegung which is responsible for the non-trivial behavior of the conductivity of single and bilayer graphenes as it is pointed out by Katsnelson [11] . Indeed, the current operator, proportional to the velocity operator given by Eq. (2a), does not commute with the Hamiltonian (1), and an oscillatory term appears in the Kubo formula [26] . The peculiar behavior of the spin Hall effect is also related to the Zitterbewegung [8] .
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